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Abstract. In this paper is presented, first, the mathematical model of the vibrations for the viscoelastic
connecting rod from a slider-crank mechanism. Afterwards, the cross displacements field is determined using
an iterative method. Finally, for a concrete case, the cross displacements variation diagrams depending on
time and the point distribution are presented.

1. THE MOVEMENT MATHEMATICAL MODEL

By using Hamilton’s principle [1], the mathematical model for the vibrations of a
linear elastic bar having a plan parallel motion, (fig. 1 and fig.2) was determined under the

form:
[LFuj+ M. Rao §+ {3 + M, Jify+ v, § = {0}, (1)
where [L]o is a differential operator, having the expression'
0% e 0t e ° Oe
[L]‘Z[M1]@(—4+[M2]W+[M ]8 -+ M, ]atz +[Ms ]at +[Ms]e (2)
The matrices and the vectors from the expressions (1) and (2) are:

pl-e0 Sjol-pi{g Cfal-eal s Sml-pal " S l|0 O

0 T
{V1}: p-A-X-{ mz;s}T;{Vz}: {OJZ—T} ;{u}: {U1;U2}T;{ao}: {301;302}T;{f}: {f1;f2}T;{0}: {O;O}T’
[Ms ] = [0]; [Ms] = pAw’ [M7]’
where: J - the linear elastic displacement;
(TJ - the angular velocity of the OA bar;
Z - the angular acceleration of the OA bar;
go - the acceleration of the extremity point O of the OA bar;

?(x,t) - the exterior force on the length unity;

r; x,t) - the exterior moment on the unity length unity;
p - the specific mass ;
A(x) - the plan area of the bar;

E - the Young modulus;
I, =I - the geometrical moment of inertia of the plan area about the neutral axis of
the bar.
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Fig. 2 The slider-crank mechanism R(RRT)

Grouping those terms which grant to the mathematical model the invariant in time
model quality and considering {V, }={0} and {f}={0}, that is the case of free vibrations, it
results the mathematical model under the form:

Lo fut+ M, Hag }+ {v. §+ {F} = {0}, (1

where the differential operator [L, ]e is:

VR AL VR L VR il -
[LO] - [M1]6X4 + [Mz]axzatz + [MSJaxz + [M4] atz ’ (2 )

and:
{F} = {F1’F2} = [Me]{u} , (3)

contains the terms above mentioned.
Neglecting in (1°) the vector {F}, it results the matrix equation:
Lo Huj+ M, Jag j+{vi § = {0} (1")
that is an uncoupled model, linear and with constant coefficients in a first approximation.
By applying to the equation (1”) the unilateral Laplace transform in relation with time
and replacing the E modulus with E(s), it results the matrix equation of the first

approximation, in Laplace’s images, of the vibrations for the viscoelastic connecting rod
OA of the slider-crank mechanism R(RRT) (fig.2) under the form:

Lo ()G 1+ M, ), }+ {7, = o} (3)

where:

0 1

o] - % el - )|
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[M8<s>]=[E<S)A 0 2}[M4<s>]=s2[m41{ao}={am<s>aoz<s>}ﬂ

0 -p-l-s
(7,)= prx(g(s)z6)f s (1) = otk @)= 1 (. S} (x5

(s): 805 ;a, =9GK;b, =3K+G;b, —3KG
b,s+Db, n

- VB 24
C(1+v)1-2v) 37

E(s) has the expression proper to the Maxwell mathematical model specific to the

polymers in a solid state (plastics);
G - rigidity modulus;
K - compressibility modulus;
v- Poisson cross contraction coefficient;
n - the afferent constant to the Newton type component of the Maxwell’s model.

m

2. THE DYNAMIC RESPONSE

By applying, in (3’), the finite in sine and cosine Laplace transforms, to the first and,
respectively, to the second equation, result uncoupled algebraic systems with the

displacements u{(n,s) and ul)(n,s) in Laplace and Fourier images in sine, respectively,
in cosine unknowns. Afterwards, inverting the Laplace and Fourier transforms, it results
the solution in a first approximationu®(xt)}. With{u®(xt)}, the vectors "} are
calculated, in a first approximation. This one is introduced in the equation (1’), resulting the
mathematical model in the second approximation. Solving this one, with the help of the

integral transforms, is obtained the solution {u(z)(x,t)} in the second approximation.

Resuming the repetitive process, it results the mathematical model in the ¢

approximation:
[Lo ]{u(j)(x,t)}+ [M4 ]{ao }"‘ {V}1 + {F(H)}: {0} (4)

Fo)= [Me]{u( (%0}, j=1,2,....n; F}=1{0} ;
W0} = P ), D t>}
= e )

The solution in the apprOX|mat|on should be:

where:

ul(x,t) = E ul (0,t) + E2u1fc(n,t) -cos(a,, - X) (5)
W)= 25k (n)-sine, %), (6)

where ul)(n,t) and ul)(n,t) are the finite transform Fourier in cosine, respectively in sine,

S

of the longitudinal, respectively of the cross elastic displacements.
The successive approximation process is finished when Vn,H{u“)}— {u“‘”}ﬂ <¢g, where

€ >0 and little enough according to the demanded calculus precision.
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The connecting rod OA being double jointed, the boundary conditions which have
permitted the application of the two Fourier transform of the original functions and,
respectively, for their Laplace images, were:

ou,(0.t) _au,(Lt) _ 0°u,(0,t)  2%u,(L,t)

O;u,(0,t)=u,(L,t)=0; = =0
OX X U209 =u,(L1)=0 x> ox? ’
2 2
ou,(0,s) _ au,(L;s) 0:0,(0,8) =, (Ls) = 0.0 uz(i),s) _0 uz(lz_,s) o
oX oX OX OX
The boundary conditions are:

u,(x,0)= 0;% =0;u,(x0)= O;—auza(tX’O) -0.

The cross displacement field, in a first approximation, in case of the free vibrations
of the connecting rod OA of the R(RRT) mechanism from the figure 2, represented by the
equation (17), where:

{a, )= {mﬁr[f sin?(m,t)- cos(oaot)};—coﬁr[sin(mot) + ersin(ZmOt)}}T :

2
0= —Ecoo cos(m,the = OJTOrSin(coOt),

should be given, as result of the application of the preceding integration algorithm, by a
type (6) function with j=1, that is the function:

ug:)(x,t):%fugg(n,t).sin(an X), (6)
n=1

uf) (nt)= ZL“{an’?,mO [cosh(Q, ,t)-sinh(Q, ,t]][a, +a, 5 — 2a,a,, sinh(Q, ,t)- 2a,a,, cosh(Q, ,t)

n,1

a
+a,a,, +a,, sinh(o,t)+a, cosh(o,t)]} + L(Do{cosh(s—1 tj - sinh(E—Wﬂ{am8 [-1+ cosh(w,t)

n,1an,2 0 0

+sinh(o, t)][cosh(Q, ,t)+ sinh(Q, ,t]] +a,a, o, sin(ooot){cosh(s—1 tJ + sinh(E—Wﬂ ~a,,-
0 0

-[cosh(Q, ,t)+ sinh(Q, ,t)l[-b,a, +b,a,, +a,,, cosh(w,t)+a, , sinh(w,t)+a, +2(-b,a,, -

a
.S Wyt +bya, 0, Sinw,t)cosh(Q, ,t)+ 2a, (= b, cos et +byw, sinwyt)sinh(Q, )]} + Gn11%

n1%n,2
-| cosh ﬁt —sinh ﬁt
- bo bo -

Jeosh(Q, ,t)+ sinh(Q, ,t)] +a, ,[aso, sin(2e,t) - 2a, b, cos(2m,t)+ 4b2w?a, , sin(2em,t)]-

(an’8 —a,,a,b, +4blwia, a, l—1 +cosh(a, t)+ sinh(w, t)]-

~

0 0

: cosh(E—“tJ + sinh[s—1 tj +a, ba,, [cosh(Qn’Zt)+ sinh(Qnyzt)] +a,ba,, [cosh(Qn,1t)+
+ sinh(th)]}

(7)
where:

a, =—ApbZ;a, =b,[Ap;a, = 2Ap/Ap(b? +b2w? Ja, = —2,/Ap -blwZa, = 4Ap/Ap(b? +4b2w? )
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= 2/Ap;a,, = JApb? —4-l-asby0’;a,, = A2p2w? (b7 +b2w? )+ 1-a,0f (I-a,af — 2Apb,w? )

e

a,, ==-4sin(La, )-r-a,cos(La,)+o,(r+4L}a,, = - S a,s =2-1-a,b,0;a,
QL
=a,a,, +a§ —Qa,5,d,7 = r\/A_p[Sln(Lazn)—LOtn];ans =21 'agboa:;ang =1-Ap ‘aoa:;amo =
' ’ ' 2La; ' ' '
r’\J/Aplcos(La, )1 b . b . b .
=ab,+ba, —a,a,, = \/_p[BLoc( ) ];Qn,1 :j"‘mz Q= 2b1 Q; 2dno = 2b1 _0)2 ;
n 0 0 0

©. =

an,1
" by -yAp
3. THE CROSS DISPLACEMENT FUNCTION DIAGRAMS

Let’s consider a concrete case with:
L=0,445[m];r=0,04[m]; w, =76,61 [s'1];b=0,01 8[m];h=0,005[m]; p=1213,3 [Kg/m3];

G=0,0118979-10”{ N} n=45-3600- 1013{'\'3} K=0,02424455. 10”[ N }
m m m

With the definition law (6’) in which u!(n,t) is given by the expression (7) and with
the concrete data above, result the graphical representations from the figure 3 and 4 of the

functions ul’(x,t), respectively ug)(%,tj, i=1,2.

= R LR
R

Fig.3 u, =ul’(x,t) Fig4 U, = ug)(g,t

4. CONCLUSIONS

The present paper insists on the cross displacement field because the influence of
the longitudinal displacements on the stress and strain state is little enough. The definition
law (6’) proves the influence of the kinematical parameters on the cross displacement
and, implicitly, on the stress and strain state, that intervene in the strength calculations
necessary to the designing activity.
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